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Abstract. Using the Dieudonne´ theory we will study a reduction of an abelian variety
with complex multiplication at a prime. Our results may be regarded as generalization
of the classical theorem due to Deuring for CM-elliptic curves. We will also discuss a
sufficient condition for a prime at which the reduction of a CM-curve is maximal.
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1. Introduction
Let E be an elliptic curve over the field of rational numbers Q with complex multipli-
cation (which will be abbreviated by CM) by the integer ring of an imaginary quadratic
field K that has a non-singular reduction Ep at a prime p. The classical Deuring’s theo-
rem states that it is ordinary or supersingular according to whether p completely splits or
remains prime in K, respectively. It is known that Ep is ordinary (resp. supersingular) if
and only if the p-divisible group Ep[p
∞] is L (resp. G1.1) (see $2 for details). Suppose that
Ep is supersingular. If p is greater than 3 the characteristic polynomial of the p-th power
Frobenius on an l-adic Tate module (l 6= p) is t2+ p and the number of Fp2-rational points
attains the Hasse-Weil upper bound:
|Ep(Fp2)| = 1 + p2 + 2p,
where | · | stands for cardinality. In this report we will generalize these results to a proper
smooth curve over Q of a higher genus with CM.
Let us first explain terminologies used in the paper. Let X be an object defined over a
field F . The base change over an extension F ′ of F is denoted by X ⊗F F ′. If F ′ = F , the
algebraic closure, it is simply described by X. Let V be a proper smooth variety defined
over Fq (q = p
f ). Then ΦV,q(t) stands for the characteristic polynomial of the q-th power
Frobenius on H1et(V ,Ql) (l 6= p).
Let k be a field of characteristic p. An abelian variety A of dimension g over k will
be called supersingular (resp. superspecial) if A is isogeneous (resp. isomorphic) to a
1
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product of supersingular elliptic curves and ordinary if the group of p-torsion points A[p] is
isomorphic to (Z/pZ)g. We mention that A has CM (or sometimes CM by OK) if there is
a finite extension k′ of k such that the endomorphism ring of A⊗k k′ contains the integer
ring OK of a CM-field K satisfying [K : Q] = 2g. Let K0 be the maximal totally real
subfield and [K0 : Q] = g. We assume that p is unramified in K and let
(1) p = P1 · · ·Pt
be the prime factorization in K0.
Theorem 1.1. Let A be an abelian variety of dimension g defined over a finite field k of
characteristic p endowed with CM by OK . Suppose that every Bi of (1) remains prime
in K. Then A is supersingular. If moreover t = g (i.e. p completely splits in K0) it is
superspecial.
If p ≥ 5 this determines the characteristic polynomial of A. In fact suppose that the
assumptions of Theorem 1.1 are satisfied. Then there is a positive integer m so that
A⊗k Fpm is isogeneous to a product of supersingular elliptic curves {Ei}1≤i≤g defined over
Fpm and ΦA,pm(t) =
∏g
i=1ΦEi,pm(t). Since p ≥ 5, ΦEi,pm(t) is a one of the following ([20]
Theorem 4.1):
t2 + pm, t2 ± pm2 t+ pm, t2 ± 2pm2 t+ pm,
where the last two occur when m is even.
Theorem 1.2. Let A be an abelian variety of dimension g defined over a finite field k of
characteristic p endowed with CM by OK . Suppose that p completely splits in K then A is
ordinary.
Theorem 1.3. Let A be an abelian variety over Fp of dimension g with CM by OK and
we assume that the following conditions are satisfied:
(1) p completely splits in the maximal totally real subfield K0:
p = P1 · · ·Pg,
and that each prime Pi remains prime in K.
(2) The action of OK0 is defined over Fp.
Then A is a product of supersingular elliptic curve {Ei}1≤i≤g,
A = E1 × · · · × Eg,
over Fp. If moreover p is greater than 3 we have ΦA,p(t) = (t
2 + p)g.
A projective smooth curve C of genus g defined over a number field F is called a CM-
curve if the endomorphism ring of the Jacobian variety Jac(C) contains OK , where K is a
CM-field satisfying [K : Q] = 2g. We call a finite prime v of F is good if the reduction Cv
is nonsingular. A good prime v is mentioned ordinary (resp. supersingular, superspecial) if
so is Jac(Cv). Theorem 1.1, Theorem 1.2, Theorem 1.3 and the Hasse-Weil’s formula
yield the following consequence, which generalizes the Deuring’s results.
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Theorem 1.4. Let C be a proper smooth curve of genus g over Q with CM by OK and p
a good prime.
(1) If p completely splits in K, Cp is ordinary.
(2) Let
p = P1 · · ·Pt,
be the prime factorization in K0. If every Pi remains prime in K, Cp is supersin-
gular. If moreover t = g (i.e. p completely splits in K0) it is superspecial.
(3) Suppose that t = g in (2) and that either the following (a) or (b) is satisfied.
(a) The action of OK0 on Jac(C) is defined over K0.
(b) The action of OK on Jac(C) is defined over K.
Then Jac(Cp) is a product of supersingular elliptic curves over Fp. If moreover
p ≥ 5, the number of Fp2-points attains the Hasse-Weil upper bound:
|C(Fp2)| = 1 + p2 + 2gp.
The following corollaries are special cases of of this theorem. Let C be the curve in
Theorem 1.4.
Corollary 1.1. Suppose that K is a cyclotomic field Q(ζN ) where ζN is a primitive N -th
root of unity that satisfies φ(N) = 2g, where φ is the Euler function.
(1) If p ≡ 1(N), Cp is ordinary.
(2) Suppose that there is a positive integer h with ph ≡ −1(N). Then Cp is supersin-
gular.
(3) If p ≡ −1(N), Jac(Cp) is a product of supersingular elliptic curves over Fp. If
moreover p ≥ 5,
|C(Fp2)| = 1 + p2 + 2gp.
Corollary 1.2. Suppose that K = Q(ζM+ζ
−1
M , ζd), where M is a positive integer satisfying
φ(M) = 2g and d = 3 or 4.
(1) Assume that p ≡ 1(d) and that p ≡ ±1(M). Then Cp is ordinary.
(2) If p ≡ −1(d), Cp is supersingular.
(3) Suppose that p ≡ −1(d) and that p ≡ ±1(M). Then Jac(Cp) is a product of
supersingular elliptic curves over Fp and if moreover p ≥ 5,
|C(Fp2)| = 1 + p2 + 2gp.
In the final section we will show several curves over Fp whose the number of Fp2-points
attains the Hasse-Weil’s upper bound. We hope that our theorems may offer a new con-
struction of such a maximal curve, i.e. the number of Fp2-points attains the Hasse-Weil’s
upper bound.
Let us briefly explain how the theorems will be proved. We will reduce a problem of an
abelian variety to one of the p-divisible group. For simplicity suppose that p completely
splits in K0, p = P1 · · ·Pg. Then completion (OK0)Pi is isomorphic to Zp and
OK0 ⊗Z Zp ≃ (OK0)P1 × · · · × (OK0)Pg , (OK0)Pi ≃ Zp.
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Since A[p∞] is naturally acted by OK0 ⊗Z Zp this yields a decomposition,
A[p∞] = GP1 × · · · ×GPg ,
by the Diuedonne´ theory and it will proved that the height of GPi is two for all i. In
order to determine them we will study the action of the Frobenius and the Verschiebung
on the Dieudonne´ module of each factor. This will connect a type of GPi and a decompos-
ing pattern of Pi in K. In fact using the classification of p-divisible group we will show
that GPi is isomorphic to G1.1 or G1.0 × G0,1 according to whether Pi remains prime or
completely splits in K, respectively (Lemma 3.1 and Lemma 3.2). Now Theorem 1.1
and Theorem 1.2 will follow from the facts that relate the type of A and the shape of
A[p∞] ([2], [14], [13], [17], [19], see Fact 2.2, Fact 2.3 and Fact 2.4 below). In order to
prove Theorem 1.3 it is sufficient to show that the product in Theorem 1.1 is defined
over Fp. We will deduce it from the corresponding decomposition of the p-divisible group
(Proposition 4.1) and Theorem 1.4 will be a consequence of preceding theorems. But a
little care is needed to show (3) and here the assumption that Cp is a reduction of a curve
over Q is neccessary. That is we have to check that the action of OK0 on Jac(Cp) is defined
over Fp. Since a simple observation shows that (b) implies (a), we may assume that (a) is
satisfied. Let J be the Neron’s model of Jac(C) over Zp, which is an abelian scheme. We
claim the action of OK0 is defined over Zp. By the Neron’s mapping property our claim
is true if the action on the generic fiber Jac(C) ⊗Q Qp is defined over Qp. This will be
checked by the faithful representation of OK0 on the cotangent space of Jac(C) ⊗Q Qp at
the origin, which is identified with H0(C,Ω1) ⊗Q Qp. Now consider the special fiber and
the rationality of the action will be obtained.
Let us mention precedent results that generalize Deuring’s results. Let A be an abelian
surface with CM by the integer ring of a cyclic quartic CM-field K defined over a number
field and Av its reduction at a good prime v over p. Goren[5] has shown that if p completely
splits in K0, p = P1P2 and if each Pi remains prime in K, Ap is a product of supersingular
elliptic curves. This coincides with Theorem 1.1. But he has also proved that Ap is simple
and ordinary (resp. isogeneous but not isomorphic to a product of supersingular elliptic
curves) if p completely splits (resp. remains prime) in K. Using the Kraft’s diagrams,
Zaytsev[21] has completely determined p-torsion group of an abelian variety over a finite
field k (Char k = p) with the dimension less than 4. Our Theorem 1.1 and Theorem
1.2 are contained in his results if the dimension of the abelian variety is less than 4.
Acknowledgement. The author appreciates Professor A. Zaytsev for his interest and
useful remarks. He is also grateful for the generous referee who points out several mistakes
and kindly suggests many improvements. This research is partially supported by JSPS
grants Kiban(C)22540068.
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2. A review of p-divisible groups.
In this section we summarize facts of p-divisible groups and the Dieudonne´ functor which
will be used later. The references are [3], [6], [9], [11], [12] and [15]. Throughout the section
k will be a field of characteristic p.
Definition 2.1. Let h be a nonnegative integer. A p-divisible group G of height h(G) = h
over k is an inductive system of finite group schemes Gi → Spec k, (i ≥ 1), satisfying
(1) the dimension of the coordinate ring k[Gi] over k equals to p
h·i,
(2) pi annihilates Gi,
(3) there are inclusions Gi →֒ Gi+1 such that
Gi+1[p
i] = Gi,
and we denote
G = lim
→
Gi.
Remark 2.1. Let Γ be a finite group scheme over k. The order is defined to be the
dimension of the coordinate ring k[Γ] and is described by |Γ|.
In the definition,
X[f ] = Ker[X
f→ X],
for an endomorphism f of a group scheme X and note that Gi+j/Gi = Gj . Let Z be a
connected commutative formal smooth group scheme of finite type over k. Then {Z[pi]}i is
a p-divisible group and the dimension is defined to be one of Z. It is equal to the order of
the kernel of the Frobenius on Z([3] Chapter 3). Here are examples of p-divisible groups.
(1)
Gm[p
∞] := lim
→
Gm[p
n],
whose height and dimension are 1.
(2)
Qp/Zp := lim
→
Z/pnZ,
is the e´tale p-divisible group of height one:
(3) Let A be an abelian variety over k of dimension g. Then
A[p∞] := lim
→
A[pn],
is a p-divisible group of height 2g.
Let G = lim→Gi be a p-divisible group. Then so is the collection of the Cartier dual
G∨ := lim→G
∨
i and called the Serre dual. For example Qp/Zp and Gm[p
∞] are Serre dual
to each other. Taking the Serre dual induces an involution of the category of p-divisible
groups.
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From now on we assume that k is perfect field of characteristic p. Let W be the Witt
group scheme defined over k of ∞-length. It is isomorphic to a product of infinite affine
lines as a scheme ∏
n≥0
A1 = Speck[x0, x1, · · · ],
and we denote a point x by x = (x0, x1, · · · ). The Frobenius F and the Verschiebung V
which are endomorphism of W are defined to be
F ((x0, x1, · · · )) = (xp0, xp1, · · · ), V ((x0, x1, · · · )) = (0, x0, x1, · · · ),
and since FV = V F = p,
p((x0, x1, · · · )) = (0, xp0, xp1, · · · ).
For positive integer n let Wn denote the additive group scheme of Witt vectors of length
n. It is isomorphic to W/V nW and the collection of all {Wn} forms a direct system by the
natural inclusions.
Let W (k) be the ring of Witt vectors whose coefficients are in k. The Frobenius induces
the ring homomorphism and will be denoted by σ. Let D(k) be a non-commutative algebra
whose coefficient ring is W (k), which is generated by semi-linear operators F and V with
the relations
FV = V F = p, Fλ = λσF, λV = V λσ, ∀λ ∈W (k).
Consider the torsion W (k)-module
T :=W (k)[
1
p
]/W (k).
Then the functor
N 7→ N∗ := HomW (k)(N,T ),
defines an anti-equivalence from the abelian category of finite length W (k)-modules to
itself and
N ≃ (N∗)∗.
We define the actions of F and V on N∗ is defined as
(Fl)(n) := σ(l(V n)), (V l)(n) := σ−1(l(Fn)), l ∈ N∗, n ∈ N.
Let Γ be an affine unipotent group over k. The the Dieudonne´ module of Γ is defined to be
M(Γ) := lim
n→∞
Hom(Γ,Wn).
Here ”Hom” is taken in the category of affine unipotent group schemes over k. It is a
contra-variant functor from the category of the affine unipotent group over k to that of
all D(k)-modules killed by a power of V and induces an anti-equivalence between them. Γ
is algebraic (resp. finite) if and only if M(Γ) is a finitely generated D(k)-module (resp. a
W (k)-module of finite length). By restriction it induces an anti-equivalence between the
category of finite unipotent e´tale (resp. infinitesimal) groups over k and that of D(k)-
modules which are W (k)-module of finite length, killed by a power of V and on which
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F is bijective (resp. killed by a power of F ). Finally the Dieudonne´ module of a finite
infinitesimal multiplicative group Γ is defined by
M(Γ) := M(Γ∨)∗.
Then the functor M induces an anti-equivalence between the abelian category of finite
commutative group schemes over k of a p-power order to that of left D(k)-modules of finite
length. It is known that the length of M(Γ) is equal to logp |Γ|. Here are some examples.
Example 2.1. (1) Let Wmn be the kernel of F
m on Wn. Then
M(Wmn ) = D(k)/(D(k)Fm +D(k)V n).
(2) M(Z/pZ) (resp. M(Gm[p]) ) is isomorphic to k with F = 1, V = 0 (resp. F =
0, V = 1).
(3) Let E be a supersingular elliptic curve over k, then
M(E[p]) = D(k)⊗W (k) k/D(k)⊗W (k) k(F − V ).
We define the Dieudonne´ module of a p-divisible group G = lim→Gi as
M(G) := lim
←
M(Gi),
which is a D(k)-module by definition. It is a free W (k)-module with rank h(G). In this
way the Dieudonne´ functorM gives a contra-equivalence between the category of p-divisible
groups defined over k and one of D(k)-modules that are free over W (k) with finite rank.
For a pair of coprime integers (d, c) so that d > 0, c ≥ 0 the p-divisible group Gd,c is defined
to be
Gd,c := Ker[F
c − V d :W [p∞]→W [p∞]],
where W [p∞] := limn→∞W [p
n]. Its Dieudonne´ module is
(2) M(Gd,c) = D(k)/D(k)(F c − V d),
and the dimension and the height are d and c+d, respectively. One sees that G1,0 ≃ Gm[p∞]
and it is convenient to set G0,1 := Qp/Zp. Then Gc,d = (Gd,c)
∨ for every pair of coprime
non-negative integer (d, c) 6= (0, 0). Temporally we assume that k is algebraically closed.
Then Gd,c is characterized by the height h = c + d and the slope d/h = d/(c + d). A
p-divisible group G over k is mentioned simple if any epimorphism from G is either an
isogeny or the structure morphism (here an isogeny is a homomorphism whose kernel and
cockerel are finite). Then Gd,c is simple and conversely any simple p-divisible group is
isomorphic to a certain Gd,c. Note that a simple p-divisible group G is isomorphic to Gd,c
if and only if there is a pair of non-negative integer (m,n) 6= (0, 0) so that
(3) G[Fm] = G[V n],
n
m+ n
=
d
c+ d
.
In fact (2) shows that G ≃ Gd,c if and only if
M(G)/V nM(G) = M(G)/FmM(G),
for a pair of non-negative integer (m,n) 6= (0, 0) satisfying d/(c+ d) = n/(m+ n) and this
is equivalent to (3). Here are p-divisible groups whose height is less than 3 ([3], p.93):
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(1) h(G) = 0 iff G = 0.
(2) If h(G) = 1, then G = G1.0, or G0.1.
(3) If h(G) = 2, G is the one of the followings,
G21.0, G1.0 ×G0.1, G20.1, G1.1.
Set L = G1.0 × G0.1. Then G1.1 (resp. L) is isomorphic to the p-divisible group of a
supersingular (resp. an ordinary) elliptic curve. Let X and Y be p-divisible groups. If
there is an isogeny between them we say that they are isogeneous and describe as X ∼ Y .
This notion defines an equivalence relation on the set of p-divisible groups.
Fact 2.1. ( [3], p.85 or [9], p.35) Let G be a p-divisible group over an algebraically closed
field k. Then there is an isogeny:
G ∼ Gf1,0 ×Gf
′
0,1 ×
∏
i
Gdi,ci ,
where {di, ci}i are pairs of positive coprime integers.
Let A be an abelian variety over k of dimension g and set A := A⊗k k. We define p-rank
f(A) = f as an integer such that A[p](k) ≃ (Z/pZ)f , which equals to dimFp Hom(Gm[p], A[p]).
Let αp be a finite group scheme defined by αp := Speck[x]/(x
p). The a-number is de-
fined to be a(A) := dimk Hom(αp, A[p]). It is known that 0 ≤ f(A) ≤ g and that
0 ≤ a(A) + f(A) ≤ g. We say A ordinary if f(A) = g.
Fact 2.2. ([2]) Let A be an abelian variety over k of dimension g. Then the following are
equivalent:
(1) A is ordinary,
(2) A[p∞] ∼ Lg.
This is well-known if g = 1. In fact let E be an elliptic curve defined over an algebraic
closed field of characteristic p. Since there is an exact sequence
(4) 0→ αp → G1.1[p]→ αp → 0,
the previous classification of p-divisible group of height 2 shows that a(E) = 1 if and only E
is supersingular. This observation is generalized to a higher dimensional abelian varieties.
The following fact is due to Deligne, Oort, Shioda and Tate.
Fact 2.3. ([14], [17], [19]) Let A an abelian variety over an algebraic closed field k with
dimension g. If
A[p∞] ∼ Gg1.1,
A is supersingular.
Fact 2.4. ([13] Theorem 2) Let A an abelian variety over an algebraic closed field k of
with dimension g. If
a(A) = g,
A is superspecial.
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Let A be an abelian variety over k of dimension g. We denote the Dieudonne´ module of
A[p∞] by Tp(A), which is a free W (k)-module of rank 2g.
Fact 2.5. ([11] Theorem 6) Let A and B are abelian varieties over a finite field k. Then
Homk(A,B)⊗Z Zp ≃ HomD(k)(Tp(B), Tp(A)).
3. The p-divisible group of an abelian variety with CM
Let k be a finite field of characteristic p with [k : Fp] = r and A an abelian variety over
k of dimension g endowed with CM by OK . We fix an imbedding of the CM-field K into
C and denote the restriction of the complex conjugation to K by ”′”. We assume that
Endk(A) = Endk(A) and denote it by R. We first note that F
r and V r are contained in
OK . In fact here is a proof after [21] Lemma 3.2. Set πF := F r and πV := V r. The
assumption is equivalent to that πF and πV are contained in the center C of R⊗ZQ. Since
the commutant of K in R ⊗Z Q is itself ([16] $4 Corollary 1), C is contained in K and
πF , πV ∈ OK = K ∩R. It is known that πF is a q-Weil number (q = pr) and πF · π′F = pr
([12] Theorem 3.2 and Proposition 2.2). On the other hand since FV = V F = p,
πF · πV = F rV r = pr. Therefore (π′F − πV )πF = 0 and because πF is surjective we
conclude
π′F = πV .
For simplicity we will denote πF and πV by π and π
′, respectively. As we have seen in
(3) a simple p-divisible group is characterized by its slope. Since π = F r and π′ = V r
are contained in OK , we will obtain an information of the Dieudonne´ module of a simple
component of A[p∞] from the behavior of {π, π′} in OK ⊗ZZp with help of Fact 2.5. This
is our strategy.
We assume that p is unramified in K and let
p = P1 · · ·Pt,
be the prime factorization in K0 so that Pi remains prime (resp. completely splits) in K
for 1 ≤ i ≤ s (resp. s+ 1 ≤ i ≤ t). Thus
(5) p = P˜1 · · · P˜sP˜s+1P˜′s+1 · · · P˜tP˜′t,
in K. We set Pinert := {P1, · · · ,Ps} and Pf=1inert := {P ∈ Pinert | f(P/p) = 1}, where
f(P/p) is the inertia degree. Similarly Psplit := {Ps+1, · · · ,Pt} and Pf=1split := {P ∈
Psplit | f(P/p) = 1}. By (5),
OK⊗ZZp ≃W (FP˜1)×· · ·×W (FP˜s)×{W (FP˜s+1)×W (FP˜′s+1)}×· · ·×{W (FP˜t)×W (FP˜′t)},
where FP˜ is the residue field. Using this we define ei to be an idempotent of OK ⊗Z Zp
which corresponds (0, · · · , 0, 1, 0, · · · , 0) in RHS, where ”1” is placed at the i-th from the
left. Remember that since the height of A[p∞] is 2g, Tp(A) is a free W (k)-module of rank
2g. Moreover by Fact 2.5 it has a faithful action of OK ⊗ZW (k). The following lemma is
a consequence of these facts.
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Lemma 3.1. eiTp(A) is a D(k)-module that is free over W (k) with rank f(P˜i/p).
Proof. Note that, by Fact 2.5, eiTp(A) is a D(k)-module which is free over W (k) and
we only have to identify the rank. By the decomposition we find that ei(OK ⊗Z W (k)) ≃
W (FP˜i)⊗Zp W (k), which is a product of complete discrete valuation rings
ei(OK ⊗Z W (k)) ≃ R(1)i × · · · ×R(ν(i))i ,
so that every component is free and has a finite rank over W (k). Let ǫj be an element of
ei(OK ⊗Z W (k)) that corresponds to (0, · · · , 0, 1, 0, · · · , 0) in RHS as before and set
M
(j)
i = ǫj(eiTp(A)).
It is a non-zero free R
(j)
i -module because the action of OK ⊗Z W (k) on Tp(A) is faithful.
Let µi(j) be its rank and
Tp(A) ≃ ⊕i ⊕j (R(j)i )⊕µi(j), µi(j) ≥ 1.
Since OK ⊗Z W (k) ≃
∏
i
∏
j R
(j)
i and since rankW (k)Tp(A) = rankW (k)OK ⊗Z W (k) = 2g
we find that µi(j) = 1 for all i and j. Therefore
rankW (k)eiTp(A) =
∑
j
rankW (k)R
(j)
i = rankW (k)W (FP˜i)⊗Zp W (k) = f(P˜i/p).

Since the Dieudonne´ functor M gives the anti-equivalence, there is a p-divisible subgroup
Gi of A[p
∞] such that
M(Gi) = eiTp(A).
Set Γj := Gs+(2j−1) ×Gs+2j (1 ≤ j ≤ t− s) and
(6) A[p∞] = G1 × · · · ×Gs × Γ1 × · · · × Γt−s.
For a prime factor P˜ of p in K we denote the corresponding factor of A[p∞] by G
P˜
. For
a prime P of K0 dividing p we define p-divisible subgroup GP of A[p
∞] as follows. If P
is contained in Pinert define GP := GP˜ where P˜ is the unique prime of K over P. Since
F
P˜
≃ Fp2f(P/p) we see that by Lemma 3.1
(7) h(GP) = rankW (k)M(GP˜) = 2f(P/p).
On the other hand if it splits: P = P˜× P˜′, we define GP := GP˜ ×GP˜′ . Since FP˜ ≃ FP˜′ ≃
Fpf(P/p), a similar observation shows
(8) h(GP˜) = h(GP˜′) = f(P/p), h(GP) = h(GP˜) + h(GP˜′) = 2f(P/p).
Lemma 3.2. For P ∈ Pf=1split, GP is isomorphic to L.
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Proof. By (8), h(G
P˜
) = h(G
P˜′
) = 1 and the classification of p-divisible groups shows that
GP˜ or GP˜′ is one of {G1.0, G0.1}. Remember that G1.0 (resp. G0.1) is characterized by the
fact V (resp. F ) is an isomorphism on M(G1.0) (resp. M(G0.1)). Let
(F r) = (π) = P˜a(P˜′)a
′
δ, (δ, P˜) = (δ, P˜′) = 1,
be the factorization. Then
(V r) = (π′) = P˜a
′
(P˜′)aδ′,
and
(pr) = (F rV r) = (ππ′) = (P˜P˜′)a+a
′
δδ′.
By (5), r = a + a′. Suppose that GP˜ = G1.0. This implies that V is an isomorphism on
M(G
P˜
) and so is π′ (note that the slope of a p-divisible group is invariant under a base
change). Since the action of OK on M(GP˜) (resp. M(GP˜′)) factors through an imbedding
OK →֒ OK,P˜ ≃ Zp (resp. OK →֒ OK,P˜′ ≃ Zp), π′ should be a unit in OK,P˜ and a′ = 0.
Therefore (V r) = (P˜′)rδ′ and (F r) = P˜rδ, which implies that F r is an isomorphism on
M(G
P˜′
). Hence G
P˜′
≃ G0.1 and GP ≃ G1.0×G0.1 = L. In the case of GP˜ = G0.1 the proof
is similar.

Lemma 3.3. For P ∈ Pinert, GP is isogeneous to Gf(P/p)1.1 .
Proof. By Fact 2.1 GP is isogeneous to
∏
Gd.c. Using (3) we will show all simple factors
are isomorphic to G1.1. Let
(F r) = (π) = Paδ, (P, δ) = 1,
be the factorization. Since P′ = P,
(V r) = (π′) = Paδ′, (P, δ′) = 1,
and
(9) GP[F
r] = GP[V
r].
Let G be a simple factor of GP. Then (9) shows
G[F r] = G[V r],
and G = G1.1 by (3). Thus GP is isogeneous to G
f
1,1 and
h(GP) = 2f,
which implies the claim by (7).

Set P = Pinert ⊔ Psplit = {P1, · · · ,Pt}.
Proposition 3.1. (1) Suppose P = Pinert. Then A is supersingular.
(2) The a-number of A is greater than or equal to |Pf=1inert|.
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(3) Suppose that
P = Pf=1inert ∪ Pf=1split.
Then
a(A) = |Pf=1inert|, f(A) = |Pf=1split|.
In particular if P = Pf=1inert (resp. P = Pf=1split) A is superspecial (resp. ordinary).
Proof. (1) is an immediate consequence of Lemma 3.3 and Fact 2.3. If necessary
arranging the indices, Pf=1inert = {P1, · · · ,Pr} (r ≤ s) and we consider a subgroup GP1 ×
· · · × GPr of A[p∞]. By (7) and Lemma 3.3 GPi is isomorphic to G1.1 for 1 ≤ ∀i ≤ r.
Therefore A[p] contains G1.1[p]
s and by (4),
a(A) = dimFp Hom(αp, A[p]) ≥ dimFp Hom(αp, G1.1[p]r) = r.
Finally we prove (3). Set s = |Pf=1inert| and g − s = |Pf=1split|. Lemma 3.2 and Lemma 3.3
show that the product (6) becomes
A[p∞] ≃ Gs1.1 × Lg−s,
which implies a(A) = |Pf=1inert| and f(A) = |Pf=1split|. The last statement follows from Fact
2.2 and Fact 2.4, respectively.

Now Theorem 1.1 and Theorem 1.2 are direct consequences of Proposition 3.1.
Corollary 3.1. Suppose that K is a Galois extension of Q.
(1) If Pinert is not empty, A is supersingular.
(2) Suppose that p completely splits in K0. If it completely splits even in K, A is
ordinary and otherwise A is superspecial.
4. Rationality
Let A be an abelian variety over Fp which satisfies the assumption of Theorem 1.3.
The completion (OK0)Piof OK0 at Pi is isomorphic to Zp and
(10) OK0 ⊗Z Zp ≃ Zp × · · · × Zp, α = (α1, · · · , αg).
Let e0i be the idempotent in OK0⊗ZZp which corresponds (0, · · · , 0, 1, 0, · · · , 0) in RHS of
(10) (where ”1” is placed at the i-th from the left, as before) and G0i a p-divisible subgroup
of A[p∞] such that M(G0i ) = e
0
iTp(A). Then
(11) A[p∞] = G01 × · · · ×G0g,
and since the action of OK0⊗ZZp on A[p∞] defined over Fp so is the product. The following
lemma is clear from Lemma 3.3 (see also the proof of Proposition 3.1).
Lemma 4.1. G
0
i is isomorphic to G1,1 for all i.
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Proposition 4.1. Let J be an abelian variety of dimension g over Fp so that
J [p∞] = G1 × · · · ×Gg,
over Fp, where Gi is a p-divisible group defined over Fp with Gi ≃ G1,1 (∀i). Then it is a
product of supersingular elliptic curve {Ei}1≤i≤g
J = E1 × · · · × Eg,
over Fp. If moreover p is greater than 3, ΦJ,p(t) = (t
2 + p)g.
Proof. By (4) the a-number of J is g and, by Fact 2.4,
J ⊗Fp Fp ≃ E1 × · · · × Eg,
where Ei is a supersingular elliptic curve (∀i). A simple consideration shows that, if
necessary changing indices, we may assume that Gi = Ei[p
∞]. Let φ be the p-th power
Frobenius. Since J is defined over Fp we have the diagram:
Ei
φ−−−−→ Eφi
νi
y νφi
y
J
φ−−−−→ J,
where νi is the imbedding. Take the p-divisible groups and
Ei[p
∞]
φ−−−−→ Eφi [p∞]
νi[p
∞]
y νφi [p∞]
y
J [p∞]
φ−−−−→ J [p∞].
Since by the assumption all {Ei[p∞](= Gi)}i and {νi[p∞]}i are defined over Fp, Ei[p∞] =
Eφi [p
∞] and νi[p
∞] = νφi [p
∞] (∀i). Thus Ei = Eφi and νi = νφi , which shows that each
component {Ei}i and the product are defined over Fp. The last claim follows from the
well-known fact that the characteristic polynomial of p-power Frobenius of a supersingular
elliptic curve over Fp is t
2 + p if p ≥ 5 ([18]).

Theorem 1.3 follows from (11), Lemma 4.1 and Proposition 4.1.
Let F be a field of characteristic 0 and A an abelian variety over F of dimension g. Fix
a base {ω1, · · · , ωg} of H0(A,Ω1) over F and we consider the faithful representation,
ρ : EndF (A)→Mg(F ),
defined by
α∗ω = ω · ρ(α), ω = (ω1, · · · , ωg).
This is compatible with the action of Gal(F/F ) and the faithfulness of ρ yields,
(12) EndF (A) = {α ∈ EndF (A) : ρ(α) ∈Mg(F )}.
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Remark 4.1. ρ may be identified with the representation on the cotangent space of A at
the origin.
Proof of Theorem 1.4. (1) and (2) are consequences of Theorem 1.2 and Theorem
1.1, respectively. Let us show (3). We first claim that (b) implies (a). Take a base
{ω1, · · · , ωg} of H0(Jac(C),Ω1) over Q and consider the representation ρ. The assumption
that the action of OK is defined over K implies ρ(OK) ⊂ Mg(K) by (12). Since ρ is
compatible with action of Galois group, take the invariant part of the complex conjugation
and ρ(OK0) ⊂Mg(K0). Thus, by (12), OK0 is contained in EndK0(Jac(C)⊗QK0). Now we
show that (a) implies the claim. Let J be the Neron’s model of Jac(C) over Zp, which is
an abelian scheme. Since p completely splits in K0, Zp ≃ (OK0)Pi (here we have used the
notation of Theorem 1.3). Together with (12) this implies that the action of OK0 on J
is defined over Zp. In fact by the Neron’s mapping property of J ([1], $1 Proposition 8)
it is sufficient to show that the action of OK0 on the generic fiber Jac(C)⊗Q Qp is defined
over Qp. Since (K0)Pi ≃ Qp the image ρ(OK0) is contained in Mg((K0)Pi) ≃Mg(Qp) and
(12) shows that OK0 ⊂ EndQp(Jac(C)⊗Q Qp). Take the special fiber and Jac(Cp) satisfies
the assumption of Theorem 1.3. Therefore Jac(Cp) is a product of supersingular elliptic
curves defined over Fp. Suppose that p is greater than 3. Since ΦJac(Cp),p(t) = (t
2+p)g the
eigenvalues of the action of the p-th power Frobenius on H1et(Cp,Ql) are {
√−p,−√−p}.
Use the Grothendieck-Lefschetz trace formula ([10] Theorem 12.3) and
|Cp(Fp2)| = 1 + p2 − Tr[Frp2 : H1et(Cp,Ql)] = 1 + p2 + 2gp.

Proof of Corollaries. We first show Corollary 1.1. K0 is Q(ζN+ζ
−1
N ) and the sequence
1→ Gal(K/K0) ≃ {±1} → Gal(K/Q) ≃ (Z/(N))× → Gal(K0/Q)→ 1,
shows that p ≡ −1(N) iff p completely splits in K0 and every prime factor of p in K0
remains prime in K. On the other hand p ≡ 1(N) iff p completely splits in K. An
existence of a positive integer h with ph ≡ −1(N) implies that every prime factor of p in
K0 remains prime in K. Now the desired claims follow from Theorem 1.4. In the case of
Corollary 1.2 observe K0 = Q(ζM + ζ
−1
M ) and
Gal(K/Q) ≃ Gal(Q(ζM + ζ−1M )/Q)×Gal(Q(ζd)/Q).
This is isomorphic to ((Z/(M))×/±1)× {±1} and the proof is similar.

5. Examples
Example 5.1.([7]) Let l be an odd prime and we define a curve C(l) to be the smooth
projective model of
yl = x(1− x),
over Q. The genus is (l − 1)/2 and an l-th primitive root of unity ζl acts by
ζl(x) = x, ζl(y) = ζly.
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Since it is defined over K := Q(ζl), so is the action of Z[ζl] on Jac(C(l)). Thus C(l)
satisfies the assumption Theorem 1.4. It is also known that there is a Q-rational base
{ω1 · · · , ω(l−1)/1} of H0(C(l),Ω1) satisfying
(ζl)
∗(ωi) = ζ
µi
l , 0 ≤ µi ≤ l − 1,
([7] $1 Theorem 7.1). Let p be a good prime so that ph ≡ −1(l) for a certain positive
integer h. Set q = ph and let Fq+1 denote the Fermat curve,
Xq+1 + Y q+1 = 1.
By
x = Xq+1, y = (XY )
q+1
l ,
we have a surjective morphism defined over Q,
π : Fq+1 → C(l),
and H1et(C(l)p ⊗Fp Fp,Ql) is a Galois submodule of H1et((Fq+1)p ⊗Fp Fp,Ql). On the other
hand |Fq+1(Fp2)| attains the Hasse-Weil upper bound 1 + p2 + 2gp and
ΦFq+1,p(t) = (t
2 + p)g,
where g = q(q − 1)/2 is the genus of Fq+1 ([18]Example 6.3.6). Thus ΦC(l),p(t) =
(t2 + p)(l−1)/2 and
|C(l)p(Fp2)| = 1 + p2 + (l − 1)p,
if there is a positive integer h such that ph ≡ −1(l). Corollary 1.1 recovers this ob-
servation if h = 1 but otherwise it only states that C(l) has a supersingular reduction.
Therefore Corollary 1.1 is only a sufficient condition for a prime p at which the reduction
of a CM-curve is Fp2-maximal, i.e. the number of Fp2-points attains the Hasse-Weil upper
bound.
Example 5.2.([4]Example 2.3) Let us consider a curve
C : y3 = x(x7 + 1),
that has automorphisms
(x, y)
ζ77→ (ζ37x, ζ7y), (x, y)
ζ37→ (x, ζ3y),
and the involution,
τ : (x, y) 7→ ( 1
x
,
y
x3
).
The quotient C/ < τ > has a smooth model
X : 2y3 = x4 − 2 · 72x2 + 23 · 72x− 73,
of genus 3 and the endomorphism ring of Jac(X) is the integer ring OK of K := Q(ζ7 +
ζ−17 , ζ3). Therefore X is a CM-curve. A base of H
0(X,Ω1) is given by
(1− x)dx
y
,
(1− x4)dx
y2
,
(x− x3)dx
y2
,
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which are eigenvectors of the action of ζ7 + ζ
−1
7 whose eigenvalues are contained in K0 =
Q(ζ7+ ζ
−1
7 ). Hence by (12) the action of OK0 on Jac(X) is defined over K0 and X satisfies
the assumption of Theorem 1.4. By Corollary 1.2 we see that a good prime p is
supersingular if p ≡ −1(3). Moreover it is superspecial if p ≡ ±1(7) and p ≡ −1(3). On
the other hand, using [4], one can determine ΦX,p(t). In fact they have shown that Jac(C)
is isogeneous to Jac(X)2 × E where E is a CM-elliptic curve whose defining equation is
x3 = y(y + 1).
Fact 5.1. ([4]Corollary 3.1 and Corollary 3.2)
(1) For p ≡ 2, 5, 11, 17 (21),
ΦC,p(t) = (t
4 − pt2 + p2)2(t2 + p)3.
(2) For p ≡ 8, 20 (21),
ΦC,p(t) = (t
2 + p)7.
Since X has genus 3 the degree of ΦX,p(t) should be six and therefore
• If p ≡ 2, 5, 11, 17 (21),
ΦX,p(t) = (t
4 − pt2 + p2)(t2 + p),
• If p ≡ 8, 20 (21),
ΦX,p(t) = (t
2 + p)3.
These coincide with the above results of Corollary 1.2 (see the discussion after Theorem
1.1). Moreover in the second case Jac(Xp) is a product of supersingular elliptic curves over
Fp and |Xp(Fp2)| = 1 + p2 + 6p.
Example 5.3.([4]Example 2.1) Remember that the n-th Chebyshev polynomial Un is
defined by the recursive relation,
Un+1(x) = xUn(x)− Un−1(x), U0(x) = 2, U1(x) = x.
For a prime l ≥ 5 we define a curve Xl as
X(l) : y2 = Ul(x).
The genus is (l − 1)/2 and it is the quotient of a hyperelliptic curve
Y (l) : y2 = x(x2l + 1),
by the involution
τ : (x, y) 7→ ( 1
x
,
y
xl+1
).
Set K = Q(ζl + ζ
−1
l , ζ4) and K0 = Q(ζl + ζ
−1
l ). The automorphisms of Y (l):
(x, y)
ζl7→ (ζ2l x, ζly), (x, y)
ζ47→ (−x, ζ4y),
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induce an action of OK on Jac(X(l)). The authors have shown that H0(X(l),Ω1) has a
Q-rational base {ω1, · · · , ω(l−1)/2} satisfying
(ζl + ζ
−1
l )
∗ωi = (ζ
i
l + ζ
−i
l )ωi, 1 ≤ i ≤
l − 1
2
.
By (12) this implies that the action of OK0 on the Jacobian is defined over K0. Thus
X(l) satisfies the assumption of Theorem 1.4. Corollary 1.2 shows that a good prime p
satisfying p ≡ −1(4) is supersingular. If moreover p ≡ −1(4) and p ≡ ±1(l), Jac(X(l)p) is
a product of supersingular elliptic curves over Fp and |X(l)p(Fp2)| attains the Hasse-Weil
upper bound 1 + p2 + (l − 1)p.
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